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Mobile fluxons as coherent probes of periodic pinning in superconductors
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The interaction of (quasi)particles with a periodic potential arises in various domains of science and engi-
neering, such as solid-state physics, chemical physics, and communication theory. An attractive test ground to
investigate this interaction is represented by superconductors with artificial pinning sites, where magnetic flux
quanta (Abrikosov vortices) interact with the pinning potential U(r) = U(r + R) induced by a nanostructure. At
a combination of microwave and dc currents, fluxons act as mobile probes of U(r): The ac component shakes
the fluxons in the vicinity of their equilibrium points which are unequivocally determined by the local pinning
force counterbalanced by the Lorentz force induced by the dc current, linked to the curvature of U(r) which can
then be used for a successful fitting of the voltage responses. A good correlation of the deduced dependences
U(r) with the cross sections of the nanostructures points to that pinning is primarily caused by vortex length
reduction. Our findings pave a new route to a non-destructive evaluation of periodic pinning in superconductor
thin films. The approach should also apply to a broad class of systems whose evolution in time can be described
by the coherent motion of (quasi)particles in a periodic potential.
I. INTRODUCTION
The interaction of (quasi)particles with a periodic potential
arises in various domains of science and engineering, such as
solid-state physics, chemical physics, and communication the-
ory. Exemplary systems include Josephson junctions [1], su-
perionic conductors [2], ring laser gyroscopes [3], the dynam-
ics of spin [4] and charge-density [5] waves, phase-locking
loops [6] in radioengineering, the motion of domain walls [7],
the magnetization dynamics of interacting spins [8] and the
diffusion of colloidal particles in periodic structures [9]. An
interesting analogy can be found in superconductivity: Type
II superconductors with periodic pinning sites substantiate an
attractive test ground to investigate this interaction, thus al-
lowing one to study dynamic properties of the vortex system
and scrutinize its force-velocity (current-voltage) response.
The symmetry, shape and intensity of the pinning poten-
tial strongly affect the dynamics of Abrikosov vortices in su-
perconductors, as reflected in both, the dc resistance and the
microwave (mw) loss [10]. In this regard, tailoring periodic
pinning sites has been revealed to be most efficient for con-
trolling the resistive response of superconductors [11–13], dy-
namic mode-locking [14], stimulation of superconductivity at
microwave frequencies [15], enhancing speed limits for the
dynamics of Abrikosov vortices [16–19] as well as enabling
functionality of such fluxonic devices as rectifiers [20], tran-
sistors [21], and high-frequency filters [22]. The availability
of high-resolution nanofabrication tools has advanced the use
of more and more sophisticated, asymmetric pinning geome-
tries (vortex ratchets) [11, 20]. For instance, in a vortex ratchet
device (diode), the pinning site array may consist of elements
of different sizes and shapes, such as triangles [20], grading
circles [23], and arrow-shaped wedged cages [24]. The coor-
dinate dependence of the resulting pinning potentialU(x, y) in
these is rather complex, which is why for a quantitative inter-
pretation of data an assumption is usually made for U(x, y) a
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priori. In the case of a simpler washboard pinning potential
(WPP) [25], U(x, y) ≡ U(x) = U(x+a), where a is the period,
an asymmetry can be induced by pre-defining the steepness
of the left and right slopes of linear-extended pinning “sites”
differently. The respective 3D washboard ratchet nanostruc-
tures can be realized, e.g., by milling of uniaxial nanogrooves
by a focused ion beam (FIB) into the film [26], or via fer-
romagnetic decoration of the films by focused electron beam
induced deposition (FEBID) [27]. Since the geometrical ap-
pearance of an asymmetric washboard nanostructure does not
reveal the asymmetry and the shape of the resulting WPP,
non-destructive approaches for the determination of U(x, y)
are needed.
The ideas for the determination of U(x, y) from experiment
have been attracting attention of researchers for half a century
[28–32]. Early approaches for the determination of the dis-
tribution, density and strength of pinning sites included pro-
posals to quantify the pinning force from measurements im-
plying a small ripple magnetic field superimposed on a larger
dc magnetic field [28] and from measurements with a small
ac current [29]. Recently, elastic properties of individual vor-
tices were investigated by magnetic force microscopy [30].
Further, scanning SQUID microscopy has been used to probe
the dynamics and pinning of single vortices under combined
dc and small ac drives, and the dependence of the elementary
pinning force of multiple defects on the vortex displacement
has been measured [31]. It has also been shown [32] that vor-
tices respond to local mechanical stress applied in the vicinity
of a vortex thus allowing one to manipulate individual vortices
without magnetic field or current. In all these experiments the
samples contained randomly distributed pinning sites and ei-
ther the vortex response in a non-coherent regime [28, 29] or
that of an individual vortex [30–32] was probed.
An intriguing situation ensues in a washboard pinning land-
scape at a particular value of the magnetic field Hm when
each row of vortices is pinned at the bottom of the linearly-
extended pinning sites (nanogrooves) and there are neither
vacant nanogrooves nor vortices pinned between them. This
field Hm is the fundamental matching field at which the vortex
lattice is commensurate with the pinning landscape. Com-
2puter simulations revealed [33] that in this case the vortex
lattice has a crystalline structure, the effective intervortex in-
teraction is cancelled, and each vortex experiences the same
pinning force. An important consequence emerges from this:
In the coherent regime, the moving ensemble of vortices in a
WPP can be regarded as a moving vortex crystal, thus allow-
ing one to interpret data employing single-vortex mechanistic
models [34–38].
Here, in contradistinction to previous works [28–32], we
use the coherent vortex dynamics at the fundamental match-
ing field to examine a theoretical mechanistic approach [39]
for the determination of the coordinate dependence of a pe-
riodic pinning potential in superconductors under combined
dc and mw current stimuli. Specifically, we evaluate the
dc current-induced reduction of the depinning frequency in
nanopatterned Nb films with different groove slope asymme-
tries and determine the dependences U(x) from ensemble-
integrated microwave power absorption data. Further, using
the pinning asymmetry parameters thus deduced, we aug-
ment the validity of the presented approach by a good fit-
ting of mode-locking steps in the electrical voltage response
in the presence of an ac drive to expressions derived within the
framework of a stochastic model [40] of anisotropic pinning.
II. RESULTS
We studied the vortex-state resistive response of Nb mi-
crostrips by combined microwave transmission spectroscopy
and electrical voltage measurements, Fig. 1. The 500 µm long
and 150 µm wide microstrips were patterned with arrays of
500 nm-spaced nanogrooves milled by FIB. The nanogrooves
were parallel to the direction of the transport current density
j which, in a perpendicular magnetic field B = µ0H, exerted
a transverse Lorentz force FL = j × B on vortices leading to
their dissipative motion in the direction perpendicular to the
grooves. The nanogroove arrays induced a periodic pinning
potential of the washboard type U(x, y) ≡ U(x) = U(x + a).
Sample S was patterned with nanogrooves having a sym-
metric cross-section, sample A1 with nanogrooves having a
weak asymmetry of the groove slopes, and the control sam-
ple A2 with nanogrooves having a strong asymmetry of the
slopes. Atomic force microscope images of the nanogrooves
are presented further in the Discussion section. The asym-
metric grooves are oriented in such a way that a positive
dc bias makes the vortices to probe the gentle slope of the
WPP: The vortices are shaken at the bottom of the pinning
potential, which is gradually shifted in the negative x direc-
tion as the dc bias magnitude is increased. Samples S, A1,
and A2 are 40 nm, 56 nm and 70 nm thick and have a super-
conducting transition temperature Tc of 8.66K, 8.85K, and
8.94K, respectively. The upper critical field for all samples
at zero temperature is estimated as Hc2(0) = Hc2(T )/[1 −
(T/Tc)
2] ≈ 1 T corresponding to a coherence length of ξ(0) =
[Φ0/2piHc2(0)]
1/2 ≈ 17 nm. The diameter of the vortex core
≃ 2ξ at T = 0.3Tc is by a factor of 6 smaller than the full
width at half depth of the grooves in samples A1 and A2, and
by a factor of 3 for sample S.
FIG. 1. Experimental geometry: A combination of dc and mw cur-
rent densities j + jmw is applied to a superconducting Nb microstrip.
The microstrip contains an array of 500 nm-spaced nanogrooves
milled by focused ion beam. The Lorentz force causes the vortices to
move along the x-axis. The measurable quantities are the dc voltage
and the absolute value of the forward transmission coefficient S 21 of
the mw power at port 2 with respect to that at port 1.
A. “Ratchet window” in microwave power absorption
We investigated the frequency dependence of the mw power
absorbed by vortices in Nb microstrips with symmetric and
asymmetric nanogrooves at the fundamental matching field
Hm = 7.2mT and T/Tc = 0.3 for a series of dc bias values
of both polarities. The data for the absorbed mw power were
acquired in terms of the relative change of the absolute value
of the forward transmission coefficient∆S 21( f ) ≡ S 21−S 21ref ,
where S 21ref is the reference mw loss in the transmission line
(all cables, connectors etc.) and ∆S 21 is a measure for the mw
loss due to vortex motion in the sample under study, Fig. 2.
Here all quantities are expressed in dB since it is the ratio of
the transmission coefficients with and without the microstrip
device which is a quantity of our interest.
In what follows we focus on the data acquired at a mw exci-
tation power of P = −20 dBm, leaving an analysis of nonlin-
ear effects observed at higher power levels beyond the scope
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FIG. 2. Frequency dependence of the relative change of the absolute
value of the forward transmission coefficient ∆S 21( f ) of sample A1
at positive (a) and negative (b) dc densities, as indicated. The arrow
in (a) indicates the definition of the depinning frequency fd by the
−3 dB criterion. (c) Vortex lattice configuration with lattice parame-
ter a△ = (2Φ0/H
√
3)1/2 and the matching condition a△ = 2a/
√
3 in a
washboard nanolandscape with period a = 500 nm at the fundamen-
tal matching field Hm = 7.2mT.
3FIG. 3. Difference signals ∆S ±
21
= ∆S 21( j
+) − ∆S 21( j−) for sample S (a), A1 (b), and A2 (c) at T = 0.3Tc and the fundamental matching
field Hm = 7.2mT. The arrows indicate the zero-bias depinning frequencies fd( j = 0) and the depinning current densities j
+
d
and j−
d
for the
motion of vortices against the gentle and steep slope of the grooves, respectively. The dashed lines are fits of the general form fd/ fd( j = 0) =
[1 − ( j/ jd)k/l]m/n, with exponents k, l,m, n indicated in Fig. 6.
of this work. In the order of magnitude, the amplitude of
the vortex displacement at P = −20 dBm at a frequency of
1GHz can be estimated as 10 nm on the basis of complemen-
tary fluctuation spectroscopy measurements on a series of nar-
row Nb microstrips fabricated from as-grown flat and grooved
Nb films. The data at P = −30 dBm lead to essentially the
same results but the data are more noisy. Contrarily, further
effects emerge at high excitation power levels of P = −6 dBm
and−3 dBm in the nonlinear regimewhich should be analyzed
with an in-depth analysis of overheating effects and the asso-
ciated with them quasiparticle escape from the vortex cores
[15]. In this way, in the absence of the dc current, the ac-
driven vortex dynamics is substantially in the linear regime
(vortex displacements are small) and it transits into the dc-
induced nonlinear regime as the dc bias is increasing so that
the vortices are shaken while overcoming the WPP barriers.
Figure 2(a,b) presents the raw data ∆S 21( f ) for sample
A1, while the respective data for samples S and A2 are re-
ported in Supplementary. The arrangement of vortices at
7.2mT in the pinning nanolandscape is shown in Fig. 2(c)
for the assumed triangular vortex lattice with lattice parameter
a△ = (2Φ0/B
√
3)1/2 and the matching condition a△ = 2a/
√
3.
In Fig. 2 ∆S 21( f ) has a smooth crossover from the weakly-
dissipative regime at low frequencies (∆S 21( f ) = 0 corre-
sponds to the minimal mw loss) to the strongly-dissipative
regime at high frequencies (∆S 21( f ) ≈ −6.3 dB is the max-
imum mw excess loss due to vortices).
The crossover takes place at the depinning frequency fd
determined at the point where the phase difference between
the viscous and pinning forces amounts to pi/2[39] and corre-
sponds to about −3 dB excess loss level in our measurements,
which is indicated as a determination criterion for fd in Fig.
2(a). At low frequencies the vortices visit many potential
wells (delocalized regime), whereas at high frequencies the
vortices are shaken at the groove bottoms (localized regime).
We note that the pinning force Fp = −∇U(x) attains a maxi-
mum at the groove slopes, whereas Fp ≈ 0 in the vicinity of
the groove bottoms where U(x) is nearly constant. Accord-
ingly, overcoming of the pinning barriers by vortices at low
frequencies causes the pinning force to dominate the viscous
force and the response is weakly dissipative, whereas in the
high-frequency regime the viscous force dominates the pin-
ning force, thus leading to a strongly dissipative response [34].
The zero-bias depinning frequency f0 ≡ fd( j = 0) of samples
S, A1 and A2 at T/Tc = 0.3 and Hm = 7.2mT amounts to
5.72, 3.95, and 3.12GHz, respectively.
For both dc bias polarities fd shifts towards low frequencies
with increasing dc bias value, Fig. 2(a,b). Under dc polarity
reversal, the magnitudes of the fd( j) shifts noticeably differ
for sample A1, even more so for sample A2, but nearly coin-
cide for sample S, see Supplementary. The reduction of the
depinning frequency upon increasing the dc bias can be un-
derstood as a consequence of the effective lowering of one of
the pinning potential wells due to its tilt caused by the dc bias
[41]. The mechanistic consideration of a vortex as a particle
leads to the conclusion that during an ac semiperiod, while
the dc-tilted pinning potential well is broadening [41], with
increasing frequency f the vortex has no longer time ∝ 1/ f
to reach the groove slopes where the pinning forces domi-
nate. Accordingly, the response becomes stronger dissipative
already at lower frequencies, as compared with the zero-bias
curve.
The difference in the magnitudes of the current-induced
shifts of fd of samples A1 and A2 is best seen in Fig. 3
displaying contour plots of the difference signal ∆S ±
21
=
∆S 21( j
+) − ∆S 21( j−) which serves as a measure of the ratchet
properties of the samples. The bright areas in the contour
plots in Fig. 3(b) and (c) represent the “ratchet windows”
in the microwave power absorption, i.e. the frequency - cur-
rent range where the system exhibits rectifying properties, i.e.
works as a diode. As expected, sample S with symmetric
grooves does not exhibit ratchet properties, as the absolute
value of the depinning current density does not change under
dc bias polarity reversal in this sample. The “ratchet win-
dow” of samples A1 and A2 is bound by the gentle-slope
4FIG. 4. Electrical dc voltage as a function of the normalized dc current density and the microwave amplitude for all samples at T = 0.98Tc and
Hm = 7.2mT. (a-c) Experimental data. (d-f) Theoretical modeling results, as detailed in Discussion. The color scale is the same in all panels
with the electrical voltage normalized to the first Shapiro step voltage V0. Vertical dashed lines mark mode-locking fringes. Arrows depict the
dc loading capability of the vortex ratchets, as deduced from crossing the straight lines jd( j
mw) at the point where the internal asymmetry of
the pinning potential is effectively compensated by the extrinsic asymmetry of the WPP caused by the dc bias.
j+
d
and the steep-slope j−
d
depinning current densities (ex-
trapolated to f → 0 corresponding to the dc regime), as
well as by the value of the zero-bias depinning frequency
fd( j = 0), as indicated in Fig. 3. The depinning current den-
sity jd amounts to 0.75MA/cm
2 for both CVC branches of
sample S, 0.91MA/cm2 and 0.7MA/cm2 for the steep-slope
and the gentle-slope direction of the vortex motion in sample
A1, and 1.25MA/cm2 and 0.52MA/cm2 for the steep-slope
and the gentle-slope direction of the vortex motion in sam-
ple A2, respectively. The depinning current densities j±
d
are
determined by the 10 µV/cm electric field strength criterion
from the current-voltage curves (CVCs) discussed next.
B. Mode-locking steps in the current-voltage curves
Figure 4(a-c) displays the dc electrical voltage as a func-
tion of the normalized dc density and the ac amplitude at
T = 0.98Tc and the fundamental matching field Hm = 7.2mT.
In all panels f = 0.3 fd, with fd amounting to 444, 306, and
242MHz, for samples S, A1, and A2, respectively. In the
absence of microwave excitation, the CVC of Sample S in
Fig. 4(a) is symmetric, while the CVCs of Sample A1 and
A2 demonstrate two different absolute values of the depin-
ning current density j+
d
> | j−
d
| for the positive and the negative
branch. The addition of the microwave stimulus leads to the
appearance of Shapiro steps in the CVC. The steps occur at
voltages [42] V = nV0 ≡ nNΦ0 f , where n is an integer, N
is the number of vortex rows between the voltage leads, f is
the microwave frequency, and Φ0 = 2.07 × 10−15Vs is the
magnetic flux quantum. The steps in the CVCs, which are
best seen in the conventional current-voltage representation
in Fig. 5(a), arise when the hopping distance of Abrikosov
vortices during one ac halfwave coincides with one or a mul-
tiple of the nanostructure period. These interference steps are
a fingerprint of the coherent vortex dynamics. They remain
visible in the field range from 7 to 7.5mT and disappear as
H is tuned further away from the fundamental matching field
Hm = 7.2mT.
We note that temperatures close to Tc are fortunate for the
observation of Shapiro steps which are best seen in the flux
flow regime at j > jd . This is because of the depinning current
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FIG. 5. (a) Shapiro steps in the CVC of microstrips S and A2 at
jmw/ jmw
d
= 1.83, T = 0.98Tc, and the fundamental matching field
Hm = 7.2mT. Symbols: Experiment. Solid lines: Fits to Eq. (6).
(b) Mode-locking “fringes” in the dc voltage with increasing mw
amplitude at T = 0.98Tc, Hm = 7.2mT, and a series of dc densities
as indicated.
decreasing with increasing temperature and the flux flow set-
ting on at smaller dc densities jd < j < j
∗ thus allowing one to
operate in an extended current rangewhere overheating effects
are negligible. Here j∗ is the current density corresponding to
an abrupt transition of the sample into the normal state due to
the Larkin-Ovchinnikov instability [16, 18, 19, 43–48].
In Fig. 4(a-c) one sees that jd nearly linearly decreases with
increasing microwave amplitude and at some point the lines
jd( j
mw) for different polarities cross, thus allowing one to de-
duce a dc bias value for which an effective “symmetrization”
of the WPP is predicted [40]: At this dc bias value the internal
asymmetry of the pinning potential is effectively compensated
by the extrinsic asymmetry of the WPP caused by the dc bias.
Here we refer to Fig. 2 in Supplementary for a sketch. Quan-
titatively, these dc values characterize the loading capability
of the ratchet [49] and amount to j/ jd ≈ 0.1 for sample A1
and j/ jd ≈ 0.25 for sample A2. Obviously, the lines j±d ( jmw)
cross at j/ jd ≈ 0 for sample S as this sample has symmetric
grooves. As the ac amplitude increases, the dc voltage for all
samples exhibits mode-locking peculiarities (“fringes”). Up
to four lowest-order fringes for sample A2 are exemplified in
Fig. 5(b) for a series of sub-depinning dc biases of both po-
larities. Both, Shapiro steps and mode-locking fringes were
theoretically predicted earlier for symmetric [38] and asym-
metric [40] WPPs. To examine whether the voltage responses
can be described theoretically, we determine the coordinate
dependenceU(x) of the pinning potential from the microwave
power absorption and use the deduced expressions for U(x)
for modeling of the voltage responses in Fig. 4(d-f), as de-
tailed next.
III. DISCUSSION
A. Determination of the coordinate dependence of the pinning
potential
Figure 6(a)-(c) displays the dependences fd/ f0 versus j/ jd
deduced from the raw experimental data ∆S 21( f ), as shown in
Fig. 2 for a series of dc bias values of both polarities for all
samples. The data acquired for positive dc biases are shown
by solid red symbols, while those for negative dc biases by
open blue ones. The relative uncertainty in the determination
of the depinning frequency does not exceed 7% at j → jd and
it is smaller than 3% at dc current densities j < 0.8 jd. This
is indicated by the error bars in Fig. 6(a)-(c), which become
smaller than the symbol size at j < 0.8 jd. The larger error in
the determination of fd at j → jd is associated with a smeared
functional shape of the curves ∆S 21( f ) in Fig. 2 upon vanish
of the WPP barriers due to their tilt by the dc current.
To interpret the dc-induced reduction of the depinning fre-
quency fd/ f0 in Fig. 6(a-c) as a function of the dc current den-
sity j/ jd at 0.3Tc for the coherent vortex at the fundamental
matching field Hm = 7.2mT, we employ a single-vortex the-
oretical approach outlined in Supplementary. This approach
is based on the Gittleman-Rosenblum model [34] generalized
for the presence of a dc current bias [39, 50, 51]. The pro-
cedure of determination of the coordinate dependence of the
pinning potential from the microwave power absorbed by vor-
tices requires to approximate the reduction of the depinning
frequency for both dc polarities by some expression. The ex-
perimental data for all our samples fit to expressions of the
universal “mean-field” type
fd/ f0 = [1 − ( j/ jd)k/l]m/n (1)
with the exponents k/l and m/n labeled at the respective fit
curves in Fig. 6(a)-(c). For consistency, we also plot the re-
spective fit curves in the contour plots in Fig. 3 and note that
they nicely encage the “ratchet windows” quantitatively.
The employment of the procedure outlined in Supplemen-
tary to the fit curves in Fig. 6(a)-(c) results in the U(x) curves
shown in Fig. 6(g)-(i) by solid lines. The curves U(x) in
Fig. 6(g)-(i) are plotted for one period of the pinning potential
scaled to its depth U0 and period a. The line thickness reflects
the uncertainty in the determination of U(x), which does not
exceed 10% and 5% on the dome and at the bottom of the po-
tential, respectively. Analytically, the dependences U(x) de-
duced from the mw data can be approximated by expressions
6  U(x) from mw data,    fits for U(x) by Eq. (2) 
(g)
U
(x
)/U
0
x/a
FIG. 6. (a)-(c) Reduction of the depinning frequency upon increasing the dc density as deduced from the mw power absorption data. The
experimental data for the positive () and the negative () dc polarity are approximated by fits (solid lines of respective color) of the general
form fd/ f0 = [1− ( j/ jd)k/l]m/n, with the exponents k, l,m, n as indicated. (d)-(f) Atomic force microscope images of the WPP landscapes milled
by FIB on the surface of samples S, A1, and A2. When subjected to a combination of microwave and dc currents, fluxons act as movable
coherent “sensors” probing the curvature of U(x): The ac component shakes the fluxons in the vicinity of their equilibrium points which are
unequivocally determined by the local pinning force counterbalanced by the driving (Lorentz) force induced by the dc bias current. A positive
dc bias makes the vortices to “probe” the gentle groove slope, whereas the steep groove slope is probed by vortices when they are subject
to a negative dc bias. (g)-(i) The coordinate dependences of the pinning potentials U(x) deduced numerically using the approach outlined in
Supplementary (solid lines) are plotted together with fits (dashed lines) to Eq. (2) and the cross-sectional AFM line scans across the grooves
(symbols). The light red areas in panels (g)-(i) correspond to the left-hand WPP groove slopes in panels (a)-(c) probed at positive dc bias
values (red solid symbols in panels (a)-(c)). The light blue areas in panels (g)-(i) correspond to the right-hand WPP groove slopes in panels
(a)-(c) probed at negative dc bias values (blue open symbols in panels (a)-(c)).
of the general form
U(x)/U0 = [(1 − cos 2pix/a) + e(1 − sin 4pix/a)/2]/2 (2)
with e being the asymmetry parameter and amounting to 0,
0.13 and 0.56 for samples S, A1, and A2, respectively.
Figure 6(g-i) displays the cross-sections of the nanogrooves
measured by atomic force microscopy (AFM) in comparison
with the dependencesU(x) deduced from the mw data and the
respective approximations by Eq. (2). Obviously, the deduced
coordinate dependence of the pinning potential U(x) in Sam-
ple A1 corresponds quite well to the coordinate dependence
of the film thickness d(x) modulated by the nanogrooves, as
measured by AFM. The AFM profile for Sample A2 can also
be fitted satisfactorily to the same expression as U(x). At the
7same time, U(x) for sample S reproduces the AFM profile
qualitatively, but does not follow it quantitatively. The modu-
lated thickness d(x) in Sample S can be fitted to
d(x) = [(1 − cos 2pix) + 0.56(1 − cos 4pix)/2]/2. (3)
The stronger discrepancy between the dependences U(x)
and d(x) in sample S may be caused by a factor of about
two smaller groove width in Sample S as compared to Sam-
ples A1 and A2. In all, we draw the conclusion that the em-
ployed procedure [39] is not only sensitive to the asymmetry
of the pinning potential, but it also reveals a correlation be-
tween U(x) and d(x) thus indicating that pinning in the two
thicker samples is primarily caused by vortex length reduc-
tion. This can be understood as the vortex energy ε(x) is pro-
portional to its length L(x) determined by the film thickness
ε(x) ∝ L(x) = d(x).
B. Modeling of electrical resistance responses
To augment the validity of the employed approach for the
determinations of the coordinate dependences U(x) of the
pinning potential from the microwave power absorption at
T = 0.3Tc we employ a stochastic model of uniaxial pe-
riodic pinning [37, 38, 40] to fit the peculiarities observed
in electrical voltage responses at noticeably higher tempera-
tures T = 0.98Tc. The theoretical treatment relies upon the
Langevin equation for a vortex moving with velocity v in a
magnetic field B = zB, where B ≡ |B|, and z is the unit vector
in the z direction
ηv = FL + Fp + Fth, (4)
whereFL = (Φ0/c)j×z is the Lorentz force,Φ0 is the magnetic
flux quantum, and c is the speed of light. In Eq. (7) j ≡ j(t) =
j+jmw cosωt, where j and jmw are the dc and ac current density
amplitudes and ω is the angular frequency. Fp = −∇Up(x) is
the anisotropic pinning force, where Up(x) is a ratchet WPP.
Fth is the thermal fluctuation force represented by Gaussian
white noise and η is the vortex viscosity.
The ratchet WPP is modeled by
Up(x) = (Up/2)[1 − cos kx + e(1 − sin 2kx)/2], (5)
where k = 2pi/a with a being the period and Up the depth of
the WPP. In Eq. (5) e is the asymmetry parameter allowing
for tuning the asymmetry strength. It is this parameter which
must be determined from experiment.
The asymmetry parameter deduced from the experimental
data amounts to e = 0 for Sample S, e = 0.13 for Sample A1,
and e = 0.56 for Sample A2. These values of e are used in the
simulations of the electric field response given by [40]
E = ν( j, jmw, f , t) j. (6)
Here ν is the ( j, jmw, f , t)-dependent effective nonlinear mobil-
ity of the vortex under the influence of the Lorentz force and
it is expressed in terms of matrix continued fractions [40]. In
Eq. (6), the electric field is scaled to the electric field at the
first Shapiro step, while the dc density j and the mw density
amplitude jmw to the depinning current density, frequency f
to the depinning frequency, coordinate x to the WPP period,
and temperature t to the WPP depth.
We use the mean-square parameter jd =
√
j+
d
j−
d
for the pre-
sentation of the data in dimensionless form allowing for a di-
rect comparison of experiment with theory in Fig. 4. The
voltage responses are calculated by Eq. (6) for a series of val-
ues of the asymmetry parameter e at the reduced temperature
t = T/Up = 0.002 which corresponds to the pinning acti-
vation energy Up of about 5000K [52] and the temperature
T = 0.98Tc at which the experiment is conducted.
We now proceed to a deeper analysis of the mode-locking
fringes reported in Fig. 5(b). The appearance of these voltage
peaks (for the positive dc polarity) and dips (for the negative
dc polarity) can be explained by higher-order ratchet effects
(labeled with “1” to “4” in the plot) as follows: We first con-
sider the curve V/V0( j
mw/ jmw
d
) in Fig. 5(b) at j/ jd = 0.05,
that is in the limit of very small dc biases. In the conventional
ratchet effect resulting in the appearance of the “1” voltage
peak, at a given ac amplitude jmw & jmw
d gentle
, a vortex over-
comes the gentle slope of the WPP during one half of the ac
period. However, the amplitude jmw is yet smaller than the
strong-slope depinning current density and the vortex can not
return into its original WPP well. This results in a net mo-
tion of the vortex by one WPP period and the associated rec-
tified voltage. As the ac amplitude increases, the vortex can
overcome the steep barrier of the WPP and the net motion
disappears thus resulting in an almost full suppression of the
rectified voltage. With a further increase of the ac amplitude
the vortex can consequentially overcome two gentle barriers
of WPP, and two options appear for its backward motion de-
pending on the strength of the WPP asymmetry and the ac
frequency, please refer to Fig. 2 of Supplementary: (i) The
vortex can only overcome one barrier in the backward direc-
tion, and after one ac period it appears in the WPP well in one
period away from the original WPP well. (ii) The vortex can
not overcome the barrier in the backward direction and it re-
mains in the WPP well in two periods away from the original
WPP well. Obviously, with a further increase of the ac ampli-
tude the “splitting” of ways increases for the vortex in what
WPP well it will appear after one ac period and this leads to a
smearing of the higher-order ratchet peaks in the dc voltage.
The curve at j = 0.25 in Fig. 5(b) corresponds to the par-
ticular interesting case of effective compensation of the in-
trinsic WPP asymmetry due to the difference in the steepness
of the groove slopes by the external asymmetry of the poten-
tial induced by the dc bias. In consequence of this effective
“compensation of the anisotropies” the “floor” of the rectified
voltage can be adjusted to almost zero which is why the load-
ing capability of the ratchet amounts to about j/ jd = 0.25 for
sample A2. In all, the simulation results allow us not only to
explain the main features observed in the experiment, but we
find a very good quantitative agreement between the experi-
mental data and theoretical modeling.
In conclusion, we have presented an approach allowing for
the determination of a periodic pinning potential from the mi-
8crowave power absorbed by vortices under dc bias reversal in
superconductors with periodic pinning at low temperatures.
For thicker films, the deduced coordinate dependences of the
washboard pinning potentials U(x) largely mimic the coordi-
nate dependences of the film thickness, as visible from cross-
sectional AFM line scans. The presented procedure allowed
us to directly determine the asymmetry of the pinning poten-
tial and to further use it for modeling of voltage responses
at T = 0.98Tc. Our findings pave a new route to the non-
destructive evaluation of periodic pinning in superconductor
thin films. Moreover, the reported approach should also ap-
ply to a broad class of systems whose evolution in time can
be described by the coherent motion of (quasi)particles in a
periodic potential.
IV. METHODS
A. Film growth and characterization
The 150 × 500 µm2 microstrips were fabricated by pho-
tolithography and Ar etching from epitaxial (110) Nb films
on a-cut sapphire substrates. The films were grown by dc
magnetron sputtering in a setup with a base pressure in the
10−8mbar range. In the sputtering process the substrate tem-
perature was 850◦C, the Ar pressure 4 × 10−3mbar, and the
growth rate was about 1 nm/s. X-ray diffraction measure-
ments revealed the (110) orientation of the films [53]. The
epitaxy of the films has been confirmed by reflection high-
energy electron diffraction. The as-grown films have a smooth
surface with an rms surface roughness of less than 0.5 nm, as
deduced from AFM scans in the range 1 µm×1 µm. The back-
ground pinning in the epitaxial (110) Nb films is very weak as
compared to the anisotropic pinning induced by nanogrooves
milled by FIB. The parameters of the samples are in Table I.
Parameter Sample S Sample A1 Sample A2
d, nm 40 56 70
Tc, K 8.66 8.85 8.94
f0, GHz 5.72 3.95 3.12
j+
d
at T = 0.3Tc, MA/cm
2 0.75 0.7 0.52
j−
d
at T = 0.3Tc, MA/cm
2 0.75 0.91 1.25
j−
d
/ j+
d
, deduced from the CVC 1 1.3 2.4
e, deduced asymmetry parameter 0 0.13 0.56
TABLE I. Main parameters of the investigated Nb microstrips.
B. Fabrication of nanogrooves
Patterning of the samples was done in a high-resolution
dual-beam scanning electron microscope (FEI, Nova Nanolab
600). In the patterning process, the asymmetry of the groove
slopes was achieved by defining the grooves in the FIB bitmap
file for sample S as a single line for the beam to pass, whereas
a step-wise increasing number of FIB beam passes was as-
signed to each groove defined as a 3-step and a 5-step “stair”
for samples A1 and A2, respectively. Due to blurring effects,
the symmetric grooves in Sample S have rounded corners
while smoothed straight slopes resulted instead of the “stairs”
in samples A1 and A2. For all samples the beam parame-
ters were 30 kV/50 pA, 1 µs dwell time and 50 nm pitch. The
grooves are parallel to the microstrip edges with an error of
less than 0.2◦. The microstrip width is an integer multiple
number (N = 300) of the nanopattern period to prevent possi-
ble ratchet effects due to the edge barrier asymmetry [13].
C. Atomic force microscopy
A Nanosurf easyScan 2 atomic force microscope (AFM)
under ambient conditions in non-contact, dynamic force mode
was used. The cantilever tip was shaped like a polygon-based
pyramid, with a tip radius of less than 7 nm (Nanosensors
PPP-NCLR). Convolution effects due to the finite tip radius
can be neglected, as is corroborated by the invariance of the
AFM images taken with the cantilever scanning at different
angles with respect to the grooves. The cross-sectional AFM
profiles are the results of averaging of 250 line scans acquired
for a scanning field of 500 × 500 nm2.
D. Microwave spectroscopy
Combined broadband mw and dc electrical measurements
were done in a 4He cryostat with magnetic field H directed
perpendicular to the film surface. A custom-made cryogenic
sample probe with coaxial cables was employed [54]. The
mw signal was generated and analyzed by an Agilent E5071C
vector network analyzer (VNA). The mw and dc signals were
superimposed and uncoupled by using two bias-tees mounted
at the VNA ports. The VNA operated in the frequency sweep
mode, with 1548 frequency points scanned with an exponen-
tially growing increment between 300KHz and 14GHz. For
all frequencies f , the mw excitation power at the sample was
P = −20 dBm (10 µW) kept by the VNA in accordance with
the pre-saved calibration data for S 21re f ( f , T ). At small fields
S 21re f does not depend on the magnetic field value H.
E. Modeling of voltage responses
The infinite matrix continued fractions for the calculation
of the voltage responses by Eq. (29) of Ref. [40] were ap-
proximated by matrix continued fractions of finite order. This
has been done by putting Qm = 0 at some m = M, whereas
the dimension of the submatrices Qm and the vectors Cm was
confined to some finite number K. Both M and K depend on
temperature and mw density and on the number of harmon-
ics to be taken into account. These numbers were chosen as
K = 51 and M = 500 for the reliable calculation of the com-
ponents F1
k
(ω) for up to 10 harmonics, for jmw up to 5, and
for t ≡ T/U0 = 0.002, respectively. This ensures a calculation
accuracy of at least three digits. The Hall effect was neglected
in the calculations.
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VII. SUPPLEMENTARY
A. Frequency dependence of the power absorption
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FIG. 7. Frequency dependence of the relative change of the absolute
value of the forward transmission coefficient ∆S 21( f ) of all samples
at positive (left column, red curves) and negative (right column, blue
curves) dc densities, as indicated, at T = 0.3Tc and the fundamental
matching field Hm = 7.2mT. At dc biases of the positive polarity, the
dc Lorentz force is directed against the gentle groove slope.
B. Mechanistic scenario for mode-locking fringes to appear
+3
ratchet effect of the third order
+2-1
+2
+1
+1
ratchet effect of the second order
ratchet effect of the first order+1steep
gentle
FIG. 8. In the ratchet effect of the first order, during one ac period
a vortex (grey circle) overcomes the right barrier during one half ac
period, but the ac amplitude is not enough to let the vortex overcome
the left barrier during the other half of the ac period. With increas-
ing ac amplitude the vortex can overcome two barriers to right and
either one (shown in the sketch) or no (not shown in the sketch) bar-
rier to the left and so on. For the ratchet effect of the third order,
only a vortex overcoming three barriers to the right and no barrier
to the left is shown. Each order of the ratchet effect corresponds to
a peak or dip (depending on the polarity of the applied dc bias) in
the dependence of the dc voltage on the ac amplitude. The angles
αsteep and αgentle indicate the angles under which the slopes of the
asymmetric WPP are tilted with respect to the vertical axis which
stands for the pinning potential U(x). For the orientation of the steep
and gentle slopes shown in the sketch, the condition of the effective
symmetrization αsteep = αgentle will be realized at some dc bias value
resulting in a tilt of the pinning potential to the left. In reality, how-
ever, the assumption that the slopes of the potential can be modelled
as planes is too crude. But here the angles α are introduced just for an
obvious explanation how the internal asymmetry of the ratchet WPP
can be “compensated” by the tilt induced by the dc bias. In the linear
approximation, the physical meaning of these angles is the pinning
forces for the respective groove slopes.
C. Determination of the pinning potential
The procedure of the determination of the coordinate de-
pendence of the pinning potential is based on the Gittleman-
Rosenblum (GR) model [34] developed for zero temperature
and generalized for the case of arbitrary dc and ac bias values
[39]. In this model, the equation of motion for a vortex mov-
ing with velocity v(t) in some pinning potential under the ac-
tion of superimposed dc and high-frequency ac currents reads
ηv(t) = F(t) + Fp, (7)
where η is the vortex viscosity, v(t) is the vortex velocity, and
F(t) =
Φ0
c
( j + jmw(t)) is the Lorentz force, where j is the dc
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current density and jmw(t) ≡ jmw exp 2pii f t with jmw is the am-
plitude of the microwave current. In Eq. (7), Fp = −dU(x)/dx
is the pinning force and U(x) is the sought-for pinning poten-
tial with the depth U0 and period a. Henceforth we scale j
to jd , U to U0 and x to a. Accordingly, the pinning potential
is related [39, 50] to the dc current-induced reduction of the
depinning frequency via
U(x) =
∫ x
0
dx0
j(x0)
jd
, (8)
where x0 is the rest point of the vortex in the tilted pinning po-
tential in the absence of the mw current. Further, the function
j(x0) is the inverse function to x0( j) given by
x0( j) =
∫ j
0
d j′
fd( j′)/ f0
, (9)
where fd( j
′)/ f0 should be deduced from the experimental
data.
We approximated the reduction of the depinning frequency
for both dc polarities for sample S by the following expression
fd/ f0 = [1 − ( j/ jd)2]1/2, | j| < | jd |. (10)
For the gentle-slope direction of the asymmetric potential of
sample A1 probed by the positive halfwave of the ac current,
the fit reads
fd/ f0 = [1 − ( j/ jd)3/2]1/2, 0 < j < j+d , (11)
while for its steep-slope direction probed by the positive
halfwave of the ac current, the dependence reads
fd/ f0 = [1 − ( j/ jd)3]1/2, − j−d < − j < 0. (12)
For the gentle-slope direction of the asymmetric potential
of sample A2 probed by the positive halfwave of the ac cur-
rent, the reduction of the depinning frequency can be fitted
to
fd/ f0 = [1 − ( j/ jd)3/2]2/3, 0 < j < j+d , (13)
while for its steep-slope direction probed by the positive
halfwave of the ac current, the approximation reads
fd/ f0 = [1 − ( j/ jd)4]1/4, − j−d < − j < 0. (14)
The deduced dependence U(x)/U0 in sample S is symmet-
ric with respect to the line x/a = 0.5 and it fits very well to
U(x)/U0 = [1 − cos 2pix]/2. (15)
The deduced dependences U(x)/U0 for samples A1 and A2
are asymmetric with respect to the line x/a = 0.5. For sample
A1 U(x)/U0 exhibits a maximum at x ≈ 0.44 and it can be
satisfactory fitted to
U(x)/U0 = [(1 − cos 2pix) + 0.13(1 − sin 4pix)/2]/2. (16)
The deduced dependence U(x)/U0 for sample A2 is most
strongly asymmetric. The curve U(x)/U0 has a maximum at
x ≈ 0.32 and it can be fitted rather well to
U(x)/U0 = [(1 − cos 2pix) + 0.5(1 − sin 4pix)/2]/2. (17)
while the AFM profile suggests that also it can be fitted satis-
factory to the same expression.
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